ON EXACTNESS OF LONG SEQUENCES OF 
HOMOLOGY SEMIMODULES 

ALEX PATCHKORIA 

Abstract. We investigate exactness of long sequences of homol- 
ogy semimodules associated to Schreier short exact sequences of 
chain complexes of semimodules. 



In [4], to define homology and cohomology monoids of presimplicial 
semimodules, we introduced a chain complex of semimodules (in partic- 
ular, abelian monoids), its homology semimodules, and a ±-morphism 
between chain complexes of semimodules. Next, in [5], we introduced 
a morphism between chain complexes of cancellative semimodules, de- 
fined a chain homotopy of morphisms and studied its basic properties. 
In this paper we investigate exactness of long sequences of homology 
semimodules associated to Schreier short exact sequences of chain com- 
plexes of semimodules. 

The paper is divided into two sections. Section 1 contains the pre- 
liminaries. The main results are presented in Section 2. 



1. Preliminaries 

Recall [1] that a semiring A = (A, + , 0, • , 1) is an algebraic structure 
in which (A, + , 0) is an abelian monoid, (A, • , 1) a monoid, and 

A ■ (A 7 + A") = A • A' + A • A", 
(A' + A") ■ A = A' ■ A + A" ■ A, 
A-0 = 0-A = 0, 
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for all A, A', A" G A. An abelian monoid A = (A, + , 0) together with 
a map A x A — > A, written as (A, a) i— > Aa, is called a (left) A- 
semimodule if 

A(a + a) = Aa + Aa', 
(A + A')a = Aa + A'a, 

(A • A')a = A(A'a), 

la = a, 0a = 0, 

for all A, A' G A and a, a' G A. It immediately follows that AO = for 
any A G A. 

A map / : A — > B between A-semimodules A and B is called a 
A-homomorphism if f(a + a') = f(a) + f(af) and /(Aa) = A/(a), for all 
a, a' G A and A G A. It is obvious that any A-homomorphism carries 
into 0. A A-subsemimodule A of a A-semimodule B is a subsemigroup 
of (B, +) such that Aa G A for all a G A and A G A. Clearly G A. The 
quotient A-semimodule B/A is defined as the quotient A-semimodule 
of B by the smallest congruence on the A-semimodule B some class of 
which contains A. Denote the congruence class of b G B by [b]. Then 
[bi] = [b 2 ] if and only if a\ + bi = a 2 + b 2 for some ai, a 2 G A. 

Let A" be the semiring of nonnegative integers. An A^-semimodule A 
is simply an abelian monoid, and an A^-homomorphism / : A — > B is 
just a homomorphism of abelian monoids, and A is an A^-subsemimodule 
of an A^-semimodule B if and only if A is a submonoid of the monoid 
(B, + ,0). 

Next recall that the group completion of an abelian monoid M can 
be constructed in the following way. Define an equivalence relation ~ 
on M x M as follows: 

(u, v ) ~ (x, y) ^ u + y + z = v + x + z for some z G M. 

Let [u,v] denote the equivalence class of (u,v). The quotient set 
(M x M)/~ with the addition + [2:2,2/2] = i x i + ^2,2/1 + 2/2] is 

an abelian group (0 = [x,x], — [x,y] = [y,x]). This group, denoted by 
K(M), is the group completion of M, and ku '■ M — > K(M) defined 
by kM{x) = [x,0] is the canonical homomorphism. If M is a semiring, 
then the multiplication [£1,2/1] • [2:2,2/2] = [2:12:2 + 2/12/2,2:12/2 + 2/1^2] con- 
verts K(M) into the ring completion of the semiring M, and ku into 
the canonical semiring homomorphism. Now assume that A is a A- 
semimodule. Then K(A, +, 0) with the multiplication [Ai, A2][ai, a 2 ] = 
[Aiai + A 2 a 2 , Aia 2 + A 2 ai], Ai,A 2 G A, ai,a 2 G A, becomes a K(A)- 
module. This X(A)-module, denoted by K(A), is the A'(A)-module 
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completion of the A-semimodule A, and Ua = fc(A,+,o) is the canon- 
ical A-homomorphism. Clearly, K(A) is in fact an additive func- 
tor: for any homomorphism / : A — > B of A-semimodules, K(f) : 
K (A) — K(B) defined by K(f){[a u a 2 }) = f(a 2 )} is a if(A)- 

homomorphism. 

A A-semimodule A is said to be cancellative if whenever a + a' = 
a + a", a, a' a" G A, one has a' = a". Obviously A is cancellative 
if and only if the canonical A-homomorphism '■ A — > K(A) is 
injective. Also note that A is a cancellative A-semimodule if and only 
if A is a cancellative C(A)-semimodule, where C(A) denotes the largest 
additively cancellative homomorphic image of the semiring A. (C(A) = 
A/~, Ai ~ A 2 , Ai, A 2 G A ^ A+Ai = A+A 2 , A e A. cL(Ai)+cL(A 2 ) = 
cL(Ai + A 2 ), cL(Ai) • cL(A 2 ) = cU(Ai • A 2 ).) 

A A-semimodule A is called a A-module if (A, +, 0) is an abelian 
group. One can easily see that A is a A-module if and only if A is a 
if (A)-module. Consequently if A is a A-module, then if (A) = A and 
/c A = 1a- 

1.1. Definition ([7, 2, 8, 3]). A sequence E : A>-^ B C 
of A-semimodules and A-homomorphisms is called a Schreier extension 
of A by C (some authors would say "C by A" ) if the following conditions 
hold: 

(1) A is injective, r is surjective, and X(A) = Ker(r). 

(2) For any c G C, t _1 (c) contains an element u c such that for 
any b G t _1 (c) there exists a unique element a e A with 6 = 
A(a) + u c . 

The elements w c , c G C, are called representatives of the extension 
E : A>^+ B — ^ C ■ 

The following four properties of Schreier extensions of A-semimodules 
are easy to verify. 

1.2. Let E : G> >- B — »- C be a Schreier extension with G a 

A-module. Then any b G B is a representative of the extension E. 

1.3. Let £ : A> A » £> — C be a Schreier extension with A a 
cancellative A-semimodule. If A(a) + b± — A(a) + 6 2 , a G A, &!, 6 2 G £>, 
then 6i = b 2 . 



4 



ALEX PATCHKORIA 



1.4. If E : A- *■ B — **- C is a Schreier extension of A-semimo- 

dules, then B is cancellative if and only if A and C are both cancellative. 

1.5. If E : A—^B—^C is a Schreier extension of A-semimo- 

dules, then K{E) : -> -S- -S- X(C) -^0 is a short 

exact sequence of If (A)-modules. 

1.6. A homomorphism tp : A — > B of A-semimodules is said to be 
normal (or kernel-regular in the sense of [9]) if whenever (p(ai) = tp(a 2 ), 
ai, a 2 G A, one has K\ + a\ — k 2 + a 2 for some Ki,k 2 G Ker (tp). It is 
easy to see that tp is normal if and only if tp : A — > V?(^) is a cokernel 
of the inclusion Ker(<£>) <^-> A (i.e., tp : A — > tp(A) is a normal A- 
epimorphism). 

1.7. Any A-homomorphism </? : G — > B with G a A-module 
is evidently normal. Moreover, any A-homomorphism tp : A — ► B 
with tp(A) a A-module is normal. Consequently, if a sequence of A- 

semimodules and A-homomorphisms A — G — — B with GaA- 
module is exact, then a and f3 are both normal. 

1.8. Let G - * Y 13 * Z be a sequence of A-semimodules and 
A-homomorphisms with G a A-module and f3a = 0. Assume that 
the following is satisfied: whenever /3(yi) = f3(y 2 ), yi,V2 G Y, one has 
a(g)+yi = y 2 , g G G. Then, obviously, /3 is a normal A-homomorphism 

and G >■ y >■ Z is exact. 

1.9. Lemma. Suppose given a commutative diagram of A-semimo- 
dules and A-homomorphisms 



X^-Y 



P' 

X' Y' — Z' 

such that f is surjective, tp is injective, and Pa = 0. Assume that the 
bottom row is exact and f3' is normal. Then the top row is exact and f3 
is normal. 

Proof. Suppose that P(y ± ) = (3(y 2 ), y 1 ,y 2 G Y. Then (3'tp(y 1 ) = 
f3'tp(y 2 ). Hence k± + ip(yi) = k 2 + tp(y 2 ), K\,k 2 G Ker(P'). Since 
the bottom row is exact and / is onto, there exist x±,x 2 G X such 
that K\ = a'f(xi) and k 2 = a'f(x 2 ). Then we get tpa(x\) + tp(yi) = 
tpa(x 2 ) + tp(y 2 ). Whence, as tp is one-to-one, a(xi) + y± — a(x 2 ) + y 2 . 
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Thus (5 is normal. Now assume that f3(y) — 0, y G Y. Then f3'(p(y) = 0. 
Hence a'f(x) = <p(y) for some x G X. This gives ipot{x) = <p(y). 
Whence ct(x) — y. □ 

1.10. Definition ([4]). We say that a sequence of A-semimodules 
and A-homomorphisms 

9 n+l d+ 

X ==S X n+1 ==£ X n X ?l _i ==£ ■ • • , n G Z, 

written X = {X n , <9+, <9~} for short, is a chain complex if 

d+ + d~ d~ +1 = d+ d~ +1 + d- 

for each integer n. For every chain complex X we define the A-semi- 
module 

z n (x) = {xex n \d+(x) = d-(x)}, 

the n-cycles, and the n-th homology A-semimodule 

H n (X) = Z n (X)/p n (X), 

where p n (X) is a congruence on Z n (X) defined as follows: 

xp n (X)y x + d+ +1 (u) + d~ +1 (v) = y + d+ +1 (v) + d~ +1 (u) 
for some u,v in X n+1 . 

The A-homomorphisms <9+, <9~ are called differentials of the chain com- 
plex X. 

A sequence G = {G n ,d+,d~} of A-modules and A-homomorphisms 
is a chain complex if and only if 



dX—d. 



s~1 ""n "-n /~t 
Cr„ >■ Lt 



n-1 



is an ordinary chain complex of A-modules. Obviously, for any chain 
complex G = {G n ,d^,d~} of A-modules, H*(G) coincides with the 
usual homology if*({G n , d+ — d~}). 

1.11. One can think of an ordinary chain complex 

• • • *■ W+l ^ C n >- O n _i >- ■ • • 



of A-semimodules as a chain complex in the sense of Definition 1.10; 
namely, we identify {C n , d n } with the chain complex 

9n+l d n 

' ' ' '> Cn+1 '> C n j> Cn-1 j> ■ ■ ■ . 
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Defining H k ({C n ,d n }) to be H k ({C n , d n , 0}), one has H k ({C n ,d n }) = 
Ker(d k )/d k+1 (C k+1 ). 

1.12. Definition ([4]). Let X = {X n ,d+,d-} and X' = 
{X' n) d' n + ,d' n } be chain complexes of A-semimodules. We say that 
a sequence / = {/„} of A-homomorphisms /„ : X n — > X' n is a ±- 
morphism from X to X' if 

/ n _i<9+ = d' n + f n and f„-id~ = d' n f n for all n. 

1.13. If / = {fn} '■ X — > X' is a ±-morphism of chain complexes, 
then f n (Z n (X)) C Z n (X'), and the map 

H n (f) : if n (X) — H n (X'), H n (f)(c\(x)) = d(f n (x)), 

is a homomorphism of A-semimodules. Thus H n is a covariant additive 
functor from the category of chain complexes and their ±-morphisms 
to the category of A-semimodules. 

An important example of a ±-morphism appears in a natural way: 
a map of presimplicial A-semimodules / : S — > S' induces a ±-mor- 
phism f — f : S_ — >■ S!, where S_ and & are the standard nonnegative 
chain complexes associated to S and S", respectively (see [4]). 

1.14. Definition (cf. [5]). Let X = {X n ,d+,d-} and X' = 

{X' n) d' n + ,d' n } be chain complexes of A-semimodules. We say that a 
sequence / = {/„} of A-homomorphisms /„ : X n — > X' n is a morphism 
from X to X' if 

K + fn + fn-id~ = d' n f n + /„_i9+ for all n. 

Note that any ±-morphism between chain complexes of A-semimo- 
dules is a morphism. 

1.15. Definition. A sequence E : A> * > B — -»»■ C of chain com- 
plexes and their morphisms is called a Schreier short exact sequence of 

chain complexes if each E n : A n > * n > B n —» C n is a Schreier exten- 
sion of A-semimodules. 

1.16. In general, a morphism f — {f n } : X — >■ X' of chain 
complexes, unlike ±-morphisms, does not induce a A-homomorphism 
from H n (X) to H n (X'). However, if X' is a chain complex of can- 
cellative A-semimodules, or X is an ordinary chain complex of A-semi- 
modules, i.e., d~ = for all n (see 1.11), then one can easily check 
that f n (Z n (X)) C Z n (X') and the map H n (f) : H n (X) — > H n (X'), 
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H n (f){cl(x)) = cl(f n (x)), is well-defined and is a A-homomorphism for 
all n. Besides, we have 

Proposition. Let E : A- * > B — C be a Schreier short exact 
sequence of chain complexes and their morphisms. If A is a chain 
complex of cancellative A-semimodules, then x n {Z n {A)) C Z n (B) and 
the map H n (x) : H n (A) — > H n (B), H n (x)(c\(a)) = cl(x„(a)), is 
well-defined and is therefore a A-homomorphism for all n. 

Proof. Let d + , d~ and d + , d~ denote the n-th differentials of A and B, 
respectively. Suppose a e Z n (A), i.e., d+(a) = d~(a). Since x is a 
morphism, x n _id+(a) + <9~x n (a) = x„_id~(a) + <9+x n (a). Whence,by 
1.3, <9~x n (a) = d + x n (a). That is, x n (a) e Z n {B). Now assume that 
ai,a2 G Z n (A) and aip n (A)a 2 . Hence 

fl l + (P) + d n+l (<?) =0,2 + C?n+l (?) + C+l (?) , P^E A n+1 . 

On the other hand, 

>*ndt + i{p) + d~ +1 K n+l (p) = x n d~ +l (p) + d + +1 x n+1 (p), 
*ndt +l {q) + <9 r ; +1 x„ +1 (g) = x n d~ +1 {q) + <9+ +1 x n+1 (g). 

These last three equalities imply 

M d n+l(p) + d n+M) + d n+l^n+lip) + d~ +1 X n+1 {q) + X^) = 

= M d t+i(p) + d n+M) + <9+ +1 x n+1 (g) + 9- +1 x„+i(p) + x n (a 2 ). 

Whence, by 1.3, d+ +l x n+l (p) + d~ +l x n+1 (q) + x„(ai) = <9 r | +1 x n+ i(g) + 
<9 r 7 +1 x n+ i(jo) + x„(a 2 ). That is, x n {a x ) p n (B) x n (a 2 ) . Thus #„(x) is 
well-defined. □ 

Definition 1.10 naturally leads us to new homology and cohomology 
monoids of monoids (in particular, groups) with coefficients in semi- 
modules. The calculation of them for cyclic groups is an example of 
the effective use of morphisms which are not ±-morphisms [6]. 

1.17. If X = {X n ,d + ,d~} is a chain complex of A-semimodules, 
then K(X) = {K(X n ), K(d£) — K(d~)} is an ordinary chain com- 
plex of .fr(A)-modules (i.e., A- modules). When each X n is cancella- 
tive, then the converse is also true. Then, for any chain complex 
X = {X n ,d£ ,d~} of A-semimodules, one has the A-homomorphisms 
H n (k x ) ■■ H n (X) — > H n (K(X)), H n (k x )(c\(x)) = d(k Xn (x)) = c\[x,0], 
induced by the canonical morphism k x = {kx n } '■ X — > K(X) which 
is in fact a ±-morphism from X to {K(X n ), K(d + ), K(d~)}. When 
X is a chain complex of cancellative A-semimodules, then H n {k x ) is 
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injective and therefore H n (X) is a cancellative A-semimodule. Fur- 
ther, if / = {/„} : X — ► X' is a morphism of chain complexes, 
then K(f) = {K(f n ) : K(X n ) — > K(X' n )} is an usual chain map 
from K(X) to K(X'). When X' is a chain complex of cancellative 
A-semimoduls, then the converse is also valid. 

1.18. If E : A> * > _B — C is a Schreier short exact sequence of 

chain complexes, then, by 1.5, K(E) : K{A)^-L K(B) -S- KT(C) 
is a short exact sequence of ordinary chain complexes. 

2. Main results 
2.1. Proposition. Suppose given a Schreier short exact sequence 

A> 5 — ^ c 

o/ chain complexes and their morphisms such that each A n is cancella- 
tive and each differential d~ of B preserves representatives. Assume 
that one of the following conditions holds: 
(i) a is a ±-morphism. 

(ii) C is a chain complex of cancellative A-semimodules. 
Then there are A-homomorphisms d n (E) : H n (C) — > H n -i(A), called 
connecting homomorphisms, such that each diagram 



H n (C) 



d n (E) 



H n -i(A) 



H n (k c ) 



H n -l{kA) 



H n (K(C)) 9n(Km : H n _i(K(A)), 

where d n (K(E)) is the usual connecting homomorphism induced by 
K(E) (see 1.18), is commutative. Furthermore, H n (x) and H n {p) are 
defined for alln, and the long sequence of homology semimodules 

■ ■ .^H n (A) "-M H n {B) H -M H n {C) 9 -^l H n _M) H ^HUB)^-- 
is an ordinary chain complex of A-semimodules. 

Proof. Let d^,d~ and 5£,S~ denote the n-th differentials of A and 
C, respectively. Take any c e Z n (C). There is a representative u c 

of E n : A n > B n °"» C n with a n [u c ) = c. When (i) holds, one 
can write <7 n _i<9+(w c ) = S+a n (u c ) = 8+(c) = 5~(c) = S~a n (c) = 
cr n _i(9~(u c ). If (ii) holds, then the equality o- n _i<9+(w c ) + 5~a n (u c ) = 
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cr n _i(9~ (u c )+5+a n (u c ) implies a n _i<9+(w c ) = a n -id~{u c ). Consequently, 
dn( u c) — Xn-\{p) +9~(u c ), a G A n _!, in both cases (see 1.1). Whence 
[d+(u c ),d-(u c )\ = X(x n _i)([a,0]). On the other hand, [d+(u c ), d~(u c )\ 
= (K(d+) - K(d-))([u c ,0]) and K(a n )([u c ,0]) = [c, 0] G Ker(K(5+) - 
K(5~)). Therefore, by construction of d n (K(E)), one concludes that 
[a,0] G Ker(iT(rf+_ 1 ) - AT(<C-i)) and d n (K(E))(c\([c,0})) = cl([a,0]). 
As A„_ 2 is cancellative, the former gives a G Z n -i(A). And we set 

d n (£)(d(c))=cl(a)eif n _i(,4). 

Clearly, since d n (K(E))H n (k c ){cl(c)) = iJ n _i(A; J 4)(cl(a)) and 
H n -i(k A ) is injective (see 1.17), we may write 

d n (E)(cl(c)) = H n ^(k A )- l {d n (K(E))H n (k c )(d(c))). 

Hence, d n (E) is well-defined and is a A-homomorphism, and 
H n _ 1 {k A )d n {E) = d n {K{E))H n {k c ). 

It follows from 1.13 and 1.16 that H n (a) and H n (x) are defined. 
Obviously H n (a)H n (x) = 0. Using the usual long exact homology 
sequence for K(E), one has 

H n ^(k A )d n (E)H n (a) = d n (K(E))H n (k c )H n (a) = 
= d n (K(E))H n (K(a))H n (k B ) = • H n (k B ) = 0. 

Hence d n (E)H n (a) = since H n _i(k A ) is one-to-one. By definition of 
d n (E), d n (E)(cl(c)) = cl(a), a G Z n _i(A), and a satisfies the equal- 
ity d+(u c ) = x„_!(a) + d~(u c ) for some representative u c of E n with 
o"n(^c) = c. Consequently, iJ n _i(x)<9 n (.E)(cl(c)) = if n _i(x)(cl(a)) = 
cl(x n _!(a)) = 0. Thus H n _i(x)d n (E) = 0. □ 



We see that for any Schreier short exact sequence of chain complexes 
E : A- * * £> — ^ C satisfying the hypotheses of Proposition 2.1, one 
has the commutative diagram 

► H n (A) H n (B) H n (C) H n -i(A) -»• • • ■ 



►fln(^(A)) 



H n (k c ) 



H n {K{B)) 



H n (K(a)) 



H n (K(C)) 



dn(K(E)) 



H^{K{A))- 



induced by the canonical map k E = (k A , k B , kc) '■ E — > K(E). In 
fact d n (E) is natural in the following sense. 
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2.2. Proposition. Suppose that 



E : 



E' : A' 




is a commutative diagram of chain complexes and their morphisms such 
that E and E' are Schreier short exact sequences satisfying the hy- 
potheses of Proposition 2.1. Suppose further that H n (g) and H n {h) are 
defined for all n (see 1.13 and 1.16). Then the diagram 



H n {A) — H n (B) H n (C) H n -i(A) 



H„(f) 



H n {g) 



H n (h) 



Hn-l(f) 



H n (A') H n (B>) H -^2 Hn (C>) 9 -^2 H n -i(A') 



is commutative. 



Proof By Proposition 2.1 and the naturality of d n (K(E)), 

H n -i(kA')d n (E')H n (h) = d n (K(E'))H n (k c >)H n (h) 
= d n (K(E'))H n (K(h))H n (k c ) = H n _ 1 (K(f))d n (K(E))H n (k c ) 
= H n ^{K{f))H n ^{k A )d n {E) = H n ^{k AI )H n ^{f)d n {E). 

Therefore, by the injectivity of if„_i(Au') (see 1.17), d n (E')H n (h) = 
H n ^(f)d n (E). □ 



Before we state our main results, we note the following. Let 

A — ^-»- B — — ■*■ C be an exact sequence of A-semimodules and A-ho- 
momorphisms. If f3 — then a is onto. But, unlike the situation for 
modules, one may have a = and yet not have f3 one-to-one. However, 
we have: 

2.3. Suppose given an exact sequence of A-semimodules and A-ho- 

momorphisms A — — ->■ B — — C with (3 a normal A-homomorphism 
(see 1.6). If a = 0, then (3 is one-to-one. 

This together with 1.7 motivates the following two theorems. 
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A : ••• 

Y 



n+l 

V 



£ : B : 



-'n+l 



9+ 



v 



«h-i 



n— 1 3- 



C"„+l 



G : 



G 



Ora+1 



<9n 



n+l 



G n 



G n _ 



fre a Schreier short exact sequence of chain complexes and their mor- 
phisms (see 1.11) such that each A n is a cancellative A-semimodule, 
every differential d~ preserves representatives, and each G n is a A-mo- 
dule. Then the long homology sequence 



(2.4.1) 



• ^H n+1 (Gf-^H n (A) ^ H n {B) 
H -^H n{ G)m Hn _M)^- 



is exact at H n (A) and at H n (B), H n (a)(H n (B)) C Ker(d n (E)), and 
H n (>c) is normal. Furthermore, (2.4.1) is exact at H n (G) if and only 
ifH n (a)(H n (B)) = H n (K(a))(H n (K(B))). 

Proof By Proposition 2.1, Sequence (2.4.1) is an ordinary chain com- 
plex. Then, the commutative diagram 

dn+i(E) TT , H n {*) 



H n+ l{G) 



H n (A) 



H n (B) 



H n (k A ) 



H n (k B ) 



Hn+liG) Hn(K(A)) Hn[Km 

satisfies the hypotheses of Lemma 1.9 (see 1.17). Hence (2.4.1) is exact 
at H n (A) and H n (x) is normal. We next show that Ker(H n (a)) C 
H n (x)(H n (A)). Let b G Z n (B), i.e., d+{b) = d~(b). Assume that 
H n (a)(c\(b)) = 0, i.e., cl(<r n (6)) = 0. Then a n (b) = S n+1 (g) for some 
g G G n+1 . Choose a representative u = u^ g of 



E n 4_i : A„±-\ > >■ B 



n+l **- <J"n+l 
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with a n+ i(u) = —g. Since a is a morphism, a n d^ +1 (u) = a n d n+1 (u) + 
S n+1 a n+1 (u). Whence a n d+ +l {u) = a n d~ +1 (u)-a n (b), i.e., a n (d+ +1 (u) + 
b) = a n d~ +1 (u). Then, as d~ +l preserves representatives, if follows that 



(*) b + <9+ +1 (m) = x n (a) + d n+1 (u), a G A n . 

This with the fact that x is a morphism of chain complex gives 

x n _xd+(a) + d~(b) + (d~d+ +1 + d+d- +1 )(u) = 

= x n -id-{a) + d+(b) + (<9+<9+ +1 + d~d- +1 )(u). 

But, by 1.4, -B n _i is cancellative. Therefore x n _!<i+(a) = x n _id~(a) 
(see 1.10). Hence d^(a) = d~(a), i.e., a e Z n (A). Then, by (*), one 
can write if n (x)(cl(a)) = cl(x n (a)) = cl(&) . Thus (2.4.1) is exact at 
H n (B). Finally, the commutative diagram 

H n {c) TT . _ d n (E) 



H n (B) 



H n (G) 



H n -i(A) 



H n (k B ) 



HJK(B)) HJG) H n _ l( K(A)) 

shows that if H n (a)(H n (B)) = H n (K(a))(H n (K(B))), then (2.4.1) is 
exact at H n (G). The converse is also true since H n _i(kA) is injective 
(see 1.17). □ 

2.5. Theorem. Suppose given a Schreier short exact sequence 



G : 

Y 



G 



n+l 



d n +l 



Gn 



G 



n-l 



E: B : 



n+l 



B„ 



B 



n-l 



C : 



n+l 



8+ 



C n -i 



"n+l 



of chain complexes and their morphisms {see 1.11) such that each 
G n is a A-module (therefore each differential d~ obviously preserves 
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representatives {see 1.2)). Assume that one of the following conditions 
holds: 

(i) a is a ±-morphism. 

(ii) C is a chain complex of cancellative A-semimodules. 
Then the long homology sequence 



(2.5.1) 



tt (r , Hn(*) , , H n (a) d n (E) 

■H n [G) >- H n {B) *H n (C) »- 



d„(E) 



H n -i(G) 



{here d n {E) evidently coincides with d n (K(E))H n (k c )) is exact at 
H n {B) and atH n {C), d n {E)(H n {C)) C Ker(if n _i(x)), and H n (a) is a 
normal A-homomorphism. Furthermore, if d n {K{E))H n {kc){H n {C)) = 
d n {K(E))(H n (K(C))) then (2.5.1) is exact at H n ^(G). When (ii) 
holds, the converse is also valid. 

Proof. By Proposition 2.1, Sequence (2.5.1) is an ordinary chain com- 
plex. Assume that (ii) holds. Then, by 1.4, the commutative diagram 



H n (G) 



H n {x) 



H n (B) 



H n (cr) 



H n (C) 



H n (k B ) 



H n (k c ) 



H n (G) 



H n (K{>c)) 



H n {K{B)) 



H n {K(a)) 



H n {K{C)) 



satisfies the hypotheses of Lemma 1.9 (see 1.17). Therefore (2.5.1) is 
exact at H n (B) and H n (a) is normal. When (i) holds, we prove the 
same as follows. Let bi,b 2 G Z n (B), i.e., d^(b±) = d~(b±) and d+(b 2 ) = 
d-(b 2 ), and let if n (<7)(cl(&i)) = H n (a)(cl(b 2 )), i.e., d(a n (h))= c\(a n (b 2 )). 
Then a„(&i) + + ^+i(<?) = °n(b 2 ) + + S n+i(p) for some 

p, q G C n+ i. Take x,y G 5 n+ i with cr n+ i(x) = p and cr n +i(y) = q, 
and write <r n (&i) + 5+ +1 (7 n +i(a;) + S~ +1 a n+1 (y) = a n (b 2 ) + 5+ +1 a n+1 (y) + 
5~ +1 cr n+ i(a;). This, as a is a ±-morphism, implies 

*n{bi + d+ +1 (x) + d- +1 {y)) = a n (b 2 + d+ +l (y) + ^(s)). 

Therefore, by 1.2, 

(**) &i + 9+ +1 (a;)+9* +1 (i/) = x n (y)+6 2 + 9+ +1 (y) + 9- +1 ( 
Whence 

#(60 + + #9- +1 (y) = 

= d+Knig) + d+b 2 + dtdt +1 {y) + #9- +1 (x) 
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d n (h) + d n d+ +1 (x) + d n d n+1 (y) = 
= d-x n {g) + d~(b 2 ) + d~d+ +1 (y) + d~d- +1 {x). 
The last two equalities give 

+ d'ih) + %d+(x) + d~d- +1 (y) = 
=d~><n{g) + d~(b 2 ) + d~d+ +1 (y) + d~d~ +1 (x)+ 

+ a;(6 1 ) + ft + (x) + 9 n \ 1 ( !/ ). 

But = d+{b 2 ) = d~(b 2 ), d+x n (g) = x n ^ 1 d n (g)+d- x n {g) 



and <9+<9+ +1 



d^d n+1 + d n d^ +1 . Consequently, we have 
x n -id n {g) + w = w, we B n - X - 



Whence, by 1.2, d n (g) = 0. That is, g G Ker(rf n ). Then, by (**), one 
can write 

d(b 1 ) = H n (x)(cL(g)) + cl(b 2 ). 

Thus, by 1.8, we conclude that (2.5.1) is exact at H n (B) and H n (cr) is 
normal. 

We next show that Ker(<9„(£)) C H n (cr)(H n (B)). Let c G Z n (C). 
Take any b G -B„ with <J n (6) = c. By definition of d n (E), d n (E)(cl(c)) = 
c Kg)i g e Z n -i(0), and gf satisfies the equality d£(b) = x n -i{g) + 
d-{b) (see 1.2). Assume that d n (E)(c\{c)) = 0, i.e., d(g) = 0. Then 
g = d n (h), h G G n . As x is a morphism, we can write d+{b — 
x n (h)) = <9+(&)-<9+x n (/i) = x n _i(#)+<9-(6)-(x n _id n (/i)+<9-x„(/i)) = 
d~(b) - d~>c n (h) = d~{b- x n (/i)). Hence b - x n {h) G Z n (B). Clearly, 
H n (a)(d(b - x n (h))) = cl(c). Thus (2.5.1) is exact at H n {C). 

Finally, the commutative diagram 

H n {C) ME) : H n _i(G) ^ : H n ^(B) 



H n (k c ) 



H n -i(k B ) 



d„(K(E)) 



H n {K{C)) : H n ^{G) — ~ H n -i(K(B)) 

shows that if d n {K{E))H n {k c ){H n {C)) = d n {K{E)){H n {K{C))), then 
(2.5.1) is exact at H n _i(G). When (ii) holds, the converse is also true 
since H n _i{k B ) is injective (see 1.4 and 1.17). □ 
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2.6. Remark. For a Schreier short exact sequence E : 

G> * > 5 — C of chain complexes, where G is an ordinary chain 
complex of A-modules, one always has the connecting homomorphism 
d n {K(E))H n (k c ). Bntingeneia\H n ^(>i)d n {K(E))H n (kc)^^- More- 
over, if neither (i) nor (ii) holds, Theorem 2.5 need not hold even in 
the case when H n _ 1 (x)d n (K(E))H n (kc) = and H n (cr) is defined for 
all n (see 1.16). Indeed, consider the following diagram 



G : 

v 



B : 



C : 




in which M is an abelian monoid and 1 = 1m- Clearly, a = 
(. . . , 0, 1, 1, 1, 0, . . . ) is a morphism of chain complexes (see 1.14 and 
1.11). One can easily see that the long homology sequence associated 
to this diagram coincides with the sequence 

> E(M) 

> M — ^ M' • • • 



where E(M) is the monoid of all idempotents of M, M' denotes the 
largest cancellative homomorphic image of M, and k is the canonical 
homomorphism. (M' = Mj^^ m\ ~ m 2 , m 1 ,m 2 G M m\ + m = 
m 2 + m, m G M. cl^(mi) + cl^(m 2 ) = cL,(toi + m 2 ), k(m) = cL,(ra).) 
Let St = 1 + 1. Hence #i(C) = E{M), H^{B) = M, #_i(C) = M' 
and H-i(a) = k. If E(M) ^ 0, then this sequence is not exact at 
ifi(C) as well as at H^(B). 

2.7. Example. Let / = {/ n } : X = {X n ,d+,d~} — X' = 
{X' n ,d'n,d' n } be a morphism of chain complexes. The mapping cone 
of / is the chain complex 

C f = {(C f ) n ,dt,d-}, (C f ) n = X n - 1 ®X' n , 

dn ( X i X ') = { d n-l( X ) , d 'n + i X ') + fn-l(x)) , d~ (x, x') = (#_i (&) , d' n ~ (x )) . 
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There is a Schreier short exact sequence of chain complexes and their 
±-morphisms 



X' : 



X[-l] : 



Ef. C f : • • • 



X' 



J n+1 



n+1 



■ X n-1 



J n+1 



4+1 



(i f )n 



d+ 



(Or. 



(Pf )n + l 



(P/)n 



(P/)n-l 



where (i / ) n sends to (0, a/), and (p / ) n sends (x,x') to x. An ele- 
ment (x,x') of X n _i © X' n is a representative of (£'/)« if and only if 
x' G U(X' n ), where U(X' n ) denotes the maximal A-submodule of X' n . 
Therefore each d~ obviously preserves representatives. Assume that 
X' is a chain complex of cancellative A-semimodules. Then, by Propo- 
sition 2.1, we have the long homology sequence 



Hn(i t ) H n (p f ) dn(Ef) 

H(E f ): ••• H^X 1 ) —L H n (C f ) H n (X[-l]) 

d n (Et) H n -i(i.) 



associated to Ef. One can easily see that in fact H n (X[— 1]) = H n -i(X), 
and d n (Ef) = H n _i(f). Furthermore, Theorems 2.4 and 2.5 together 
with 1.7 imply the following 

Corollary. Let f = {/„} : X = {X n ,d+,d^} — > X' = {X^^O 
&e a morphism of chain complexes and suppose that one of the following 
holds: 

(i) For eac/i n ; X^ is a cancellative A-semimodule, X n a A-module, 
andH n (p f )(H n (C f )) = H n (p K(f) )(H n (C K(f) )). 

(ii) For each n, X' n is a A-module and H n (f)(H n (X)) = 
H n (K(f))(H n (K(X))). 

Then H{Ef) is exact everywhere, and H n (i f ), H n {p f ) and d n (Ef)(— 
H n -i(f)) are normal A-homomorphisms for all n (see 2.3). 
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Proof. Suppose (i) holds. Since K commutes with mapping cones, it 
follows easily that H n (p f )(H n (C f )) = H n (K(p f ))(H n (K(C f ))) for all 
n. Therefore, thinking of p f = {{p f ) n } as a morphism from Cf to 
{X n _i,d~_! — d^_ ± }, we conclude, by 2.4, that H{Ef) is exact every- 
where and H n (i f ) is normal. By 1.7, H n {p f ) and d n (Ef) are also nor- 
mal. When (ii) holds, the assertion is clear since = d n {Ef) = 
d n (K(Ef))H n (kx[-i]) and H n -i(K(f)) = d n (E K{f) ) = d n (K(E f )) (see 
2.5 and 1.7). □ 

In subsequent papers we shall give applications of 2.4, 2.5 and 2.7. 
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